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Statistical Transport Theory
of Reacting Two-Component
Fluid: Light Scattering from

an A=B Liquid

Paul Madden®? and Daniel Kivelson'?

Received October 9, 1974

A theory of light scattering from a simple A = B reacting fluid in which
molecular anisotropy has been neglected is presented. The theory is a
molecular-statistical one based on Mori’s linear response formalism. The
time-dependent correlation functions are associated with transport co-
efficients and the zero time correlation functions are associated with
thermodynamic derivatives. The effects of the reaction are observed from
both density and concentration fluctuations as well as from cross correla-
tions between density and concentration fluctuations.
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1. INTRODUCTION

The three-line Rayleigh-Brillouin spectrum of light scattered off fluids was
first analyzed by Landau and Placzek‘® and more recently by Mountain®;
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the spectrum arises from scattering off density fluctuations whose behavior
can be described in terms of thermodynamic fluctuations governed by hydro-
dynamic equations of motion. Among their other successes, these theories
account for the Brillouin lines, spectral lines which are symmetrically dis-
placed from the laser frequency by the sound frequency, whose linewidths
vary as k2, where k = (4n/A) sin(6/2), Ais the incident wavelength, and 8 is the
scattering angle. On a molecular level these theories correspond to the
coupled time evolution of density, momentum density, and energy density
fluctuations®®; these treatments are valid for atomic liquids provided ob-
servations are restricted to relatively small deviations from the laser fre-
quency or, alternatively, to times which are very long compared to the times
characteristic of individual molecular motions, In multicomponent liquids
and in liquids composed of molecules a three-variable hydrodynamic theory
is not adequate, even at long times, because of the dependence of density
fluctuations upon fluctuations in concentration, internal excitations, molecu-
lar rotations, and chemical reactions. The observed spectrum is thus more
complex than would be predicted from Landau and Placzek’s basic theory.

The three hydrodynamic variables are conserved quantities and so exhibit
very slow local fluctuations in volume elements with dimensions comparable
to A for visible light. In a two-component system, in the absence of chemical
reactions, the concentration is also a conserved quantity, and it also exhibits
slow local fluctuations. Hydrodynamic equations for two-component systems
have been developed®-1® and the spectra of such systems have been de-
scribed in terms of two Brillouin (Raman) lines and two superimposed
Rayleigh lines with widths which vary as k2. The concentration fluctuations
are determined by the rate of interdiffusion of the species, and the theory
relates these fluctuations to the diffusion constant.

For molecular liquids the choice of additional variables to describe
rotations, vibrations, and reactions is less obvious because these effects cannot
be described by additional slowly varying conserved quantities. Nevertheless,
these modes often relax on hydrodynamic, or nearly hydrodynamic, time
scales, which means that additional slowly varying, but nonconserved, quan-
tities must be included in the theory. Appropriate variables can be introduced
to describe these additional modes. Wigner rotation matrices can be used to
describe rotations®-12; the vibrations can be described by means of the
internal energy®®-1® or by a progress variable®®; and chemical reactions
have also been discussed in terms of progress variables.*"-1® Alternatively,
one can describe the effects of these “internal modes™ characteristic of
molecular fluids in terms of hydrodynamic variables alone provided fre-
quency-dependent transport coefficients are introduced®®; the vibrational
effects have been treated in this way by Mountain.®? Here we shall, however,
make use of the formalism in which each additional mode is associated with
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an appropriate dynamical variable. Each additional mode, characterized by a
single relaxation time, introduces an additional Rayleigh line into the spec-
trum provided that the mode is coupled to the density fluctuations. Thus if
vibrations all relax with a single time, a vibrational Rayleigh line with k-
independent width is observed®?; similar results are observed for rota-
tions.®® For a single first-order reaction in a two-component system, the
reaction is not a new mode in addition to the diffusion discussed above, but
provides an alternate dissipative route for concentration fluctuations; whereas
the diffusive contributions are hydrodynamic and & dependent, the reaction
contribution to the Rayleigh line associated with concentration fluctuations is
k independent. Both diffusion®® and reaction@%-2% effects in the Rayleigh
spectrum have been reported. One should, of course, note that the individual
Rayleigh lines can be associated with specific relaxations only in certain
limiting cases.

We consider a model of a fluid which consists of various *“species’;
these species might be distinguished by differences in polarizability, chemical
structure, optical activity,®” molecular orientation, or vibrational energy.
Light is scattered off polarizability fluctuations in the fluid, or equivalently,
fluctuations in the local dielectric tensor; these fluctuations could depend
upon the fluctuations in the concentrations of the various “species.” This
dependence could arise either because the molecular polarizability is different
for the different species or because the decay of the density fluctuations depends
indirectly upon the local concentrations of the various ‘“ species’ ; we shall call
these primary and secondary effects, respectively.®® For the sake of simplicity
we shall restrict our considerations to systems composed of two “species”
only. These two species might be two chemical species, or they might be the
ground and an excited vibrational state. In the following sections we develop,
by means of the Mori theory,®® hydrodynamic equations for the three con-
served quantities and the concentration variable, and we express the various
transport coefficients in terms of molecular quantities. We seek solutions
to these equations for the light scattering spectrum and we discuss various
features of the spectrum.

Before proceeding we wish to comment on the relation between our
calculations and similar ones performed by others. In many ways ours are
most similar in method to those of Trimble and Deutch,®® who considered the
problem of two nonreacting species. Our calculations are also similar to
those of Weinberg and Oppenheim,?® who considered internal relaxation;
they did not have to take account of the possibility that the molecule in the
ground and excited internal states could have different polarizabilities; in
considering chemical reactions this difference in polarizabilities is important
and we have included this effect. Whereas Weinberg and Oppenheim intro-
duce the internal energy as the fourth quantity to be added to the basic set of
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three conserved variables, we have introduced a concentration variable; this
latter variable is a more natural choice, as we shall see, for discussing chemical
reactions. Finally, because of our different way of handling expansions, we
obtain rather different results for the limiting case of rapid chemical reactions
or vibrational relaxation, i.e., for relaxation frequencies comparable to those
of sound waves. Mountain @ has considered the same problem as Weinberg
and Oppenheim from a hydrodynamic viewpoint in which the vibrational
relaxation is introduced by means of a frequency-dependent coefficient of
viscosity; our results agree with those of Mountain,* even in the rapid relaxa-
tion limit, but our approach is molecular, we have introduced the vibrational
or chemical relaxation in a different manner, and we have considered species
with different polarizabilities. Sutherland and Deutch®® have considered two
relaxing species with different polarizabilities by a hydrodynamic technique
similar to that of Mountain. Many aspects of the problem we have con-
sidered have also been treated by means of hydrodynamic approaches by
Salzberg et al., but we have studied a simple reaction in rather more detail.
The Mori approach in terms of a concentration variable has already been
applied ©%-3Y to reacting species but a full treatment in terms of all conserved
variables has not been presented.

In an appendix we develop a technique of Mori’s to relate microscopic
parameters of the theory to thermodynamic quantities.

2. DYNAMICAL VARIABLES

Light scattering spectra probe fluctuations in the local dielectric tensor
of a fluid. The dominant features of the spectrum are contained in a small
frequency range Aw about the incident laser frequency, i.e., (Aw)?r2, « 1,
where 7y, is a characteristic molecular time which is perhaps of the order of
10~13 sec. The wavelength of the light used guarantees that the wave number
k defined in the last section conforms to the condition k242, « 1, where
@me 1S @ characteristic molecular distance which is perhaps of the order of a
few angstroms; of course, for neutron diffraction this condition would not be
valid and the theory developed below would not be applicable. Here we shall
be interested in a scattering theory for which k£ and w are very small and times
are long, i.e., we shall be interested in hydrodynamic (and not molecular)
distances, frequencies, and times.

4 Mountain has shown that slight differences occur in the light scattering formulas
obtained by incorporating the effects of an internal degree of freedom by means of a
fourth variable or mode and by means of a frequency-dependent viscosity; these
differences arise because of the presence of d¢/0T terms in the thermodynamic theory,
where ¢ is the dielectric constant. We neglect these very small differences.
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The light scattering spectrum l(w), which reflects fluctuations in the
local dielectric tensor of a fluid, is©?®-5

l(w) o 2 Re f "k, D&(~k, 0)>eit dt (1)

where &(k, ¢) is the Fourier transform of the polarizability density tensor
(R, 1), where R is a space point. We can write &(k, ¢) as

alk, 1) = > a(t) expik-g,(t)] ®)

7

a,(t) is the polarizability tensor of the jth molecule and ¢ is its translational
coordinate, the brackets { > indicate an equilibrium ensemble average, the
sum is over all molecules, and the bracketed quantity is an autocorrelation
function. For molecules with isotropic polarizabilities, we assume that
a,(t) is a constant independent of time and independent of molecular posi-
tion, velocity, and energy; actually intermolecular interactions give rise to
both time and temperature dependences but the temperature dependence is
probably small (cf. footnote 4 concerning small values of 0¢/0T); the time
dependence arising from intermolecular pair “collisions” is probably charac-
terized by frequencies much higher than those studied here. The VV or
polarized spectrum of a fluid composed of two species (A and B) with iso-
tropic molecular polarizabilities «® and «®, respectively, is thus

I(w) o Re[eX(N(k, w)N(=k, 0)> + « Ac{N(k, w) AN(K, 0)
+ (AN(k, w)N(k, 0)>} + Ac*CAN(k, w) AN(=k, 0))] (3)

where

(NG, oIN(=10) = [ e di N, DN(=k, 0)> @
« = La® + o] (5)
Ac = a® — o] (6)
N(k, t)is the transform of the fluctuation 8n(R, #) in the total number density,
Sn(R, t) = n™(R, t) + n®(R, 1) 0

AN(k, 1) is the transform of the fluctuation in the concentration density,
ANk, t) = [N®A(K, t) — N9k, 1)] ®)

Nk, t) is the Fourier transform of ér(R, ¢), the number density fluctua-
tion of the Ath species,

(R, 1) = n®(R, 1) — (H®R)) O)

5 |(w) is also proportional to the local electric field intensity and we neglect the fluctua-
tions in this intensity.
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and n®(R, t) is the instantaneous number density of species A at point R in
the sample. The number density #*(R, ¢) is given by

nBOR, 1) = > 3R — g(1)) A®(r) (10)

where A;® is 1 if j is an A-type molecule and 0 if it is a B-type molecule; a
completely analogous expression holds for n®™(R, t). If we combine Egs. (9)
and (10), we see that

N(A)
Nk, 1) = f HOR, 1) [exp(ik-R)] 4R — (2 50) (1D

where dR indicates a spatial volume element, N is the total number of
particles of species A, and V is the volume of the sample. Throughout this
work we will exclude the case of k = 0; consequently, we can henceforth
neglect the term containing 8(k) in Eq. (11). It can also be seen that because
Sn'™(R, 1) is a fluctuation variable,

(N, w)> = (AN, w)) =0 (12)

Since we exclude the case k = 0, we allow N, N®_ N and AN to represent
total numbers whereas N¥(k), N®(k), N(k), and AN(k) represent Fourier
transforms of density fluctuations.

Equation (3) is the fundamental expression which we wish to evaluate.
In order to do this, we must calculate the correlation functions in Eq. (3),
which involve N(k) and AN(k), the Fourier transforms of the number density
and the concentration fluctuation, respectively. Consequently, N(k) and
AN(k) are the two fundamental or primary variables,*® the variables that
enter directly into the expression for I(w). In addition, we must also consider
other variables, which we call secondary variables.*® The secondary variables
are needed to describe the time dependence of the primary variables. Since
the primary variables are slowly varying quantities, i.e., conserved quantities
in the absence of chemical reactions, we must include all other “slow vari-
ables” which can in some way affect the long-time evolution of the primary
variables. The two conserved quantities —ik-MU(k) and E(k), the Fourier
transforms of the divergence of the momentum density and of the energy
density fluctuation, respectively, are the other relevant slow variables® 429

—ik-MUK) = —ik- Z p; exp(ik-q;) (13)

E®) =D, [(pﬁ‘/zm) +42 Uy + ] exp(ik-q)  (14)
] 7
M is the mass of the sample; p; is the momentum and ¢, the internal energy,
respectively, of the jth particle; Uj; is the intermolecular pair potential;
k # 0; and (p;, q;, &;) are all time dependent. We will assume that the four
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variables {N(k), AN(k), —ik- M U(k), E(k)} constitute a “complete set” of
slowly varying quantities in the Hilbert subspace described by Mori.?®
E(k) represents fluctuations in the energy but we allow E to represent the
total energy; U(k) represents fluctuations in the flow speed.

The quantities AY® and e; require further comment. We consider the
complete description of the system in a phase space which consists of
the positions (q;) and translational momenta (p,) of the center of masses of
the particles, and of their relevant internal positions (§;) and momenta (,). The
internal energy e; is a function of §; and m;, and the intermolecular potential
energy U is not only a function of q,;-, where q;;; = q; — q;-, but also of §; and
;. We shall assume that ¢; is a “reaction” coordinate and that for &, € &,
the jth molecule is of species A, i.e., A® = 1, AP = 0, ¢; = &4; similarly, if
£ = &, then the jth molecule is of species B, ie., AP =1, AW =0,
&; = eg. This is a two-site jump model; its application to chemical reactions is
obvious, but it can also be used to study rotational and vibrational re-
laxation.

We are interested in obtaining equations of motion for the quantities
N(), AN(K), E(k), —ik- MU(Kk). In order to obtain these equations, we must
evaluate the various relevant time derivates. In particular,

N(k, 1) = ik- MUK, 1)/m (15)

where we have chosen both species with the same molecular mass m. Further-
more, for short-range intermolecular interactions, in the limit of small k,

—ik- MUk, t) = k%0, (16)
where o, is the microscopic stress tensor defined as
d ,
oun(l, 1) = 2, [Pat)gsD)] explik-q,(1)] a7
7

The subscripts « and 8 indicate laboratory axes, and o, indicates o, if k is
along z. Slightly more complicated is the derivative of AN(k):

AN(k, 1) = (d]dr) 2, [AP(EC)) — AP(E0)]
x explik-q,(r)] (18)

In the limit of small k, this quantity can be rewritten, provided the molecular
interactions are short range, as

AN(k, t) = ik-a®(k, t) + y(k, t) (19)
where

rk, t) = g E(1)28(£,(1) — &) explik-qy(2)] (20)
o4k, 1) = > dIAPE(D) — AP(E))] explik-g,(r)] 1)
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and & is a delta function. Whereas N(k) and — kM -U(k) are conserved [i.e.,
N(k) and U(k) -0 as k— 0], AN is conserved only if £(t) =0, i.e., if
y = 0, which is the situation for a nonreacting binary fluid. Finally, since
E(k) is a conserved quantity,

E(k, t) = ik-o¥(k, t) (22)

where the energy flux density 6@ is, in the low-k limit,
e _ ] p_2 I
ok, t) = 2,: {‘li[ﬁ + (5}2 Uﬁ') + 8:]

1 . .
T3 Z 44 + ) VU,
FE

+13 0 - DR eeicn) @)
i*#7 g
This expression is derived in Appendix A. The presence of ¢; in 6/ is a con-
sequence of the internal motions; the last term arises because the potential
energy of a molecule changes as either it or its neighbors convert from one
species to the other.

It can readily be shown®-2 that all the quantities of interest, in the
theory to be discussed below, are dependent only upon the magnitude of k;
we shall therefore introduce a scalar notation in which N(k, t) replaces
N(k, t), and similar replacements are made for the other variables.®

3. THEORY: MORI FORMULATION OF TRANSPORT THEORY

Now we wish to use Mori’s theory 9 to obtain the correlation functions
in Eq. (3). To do so we introduce a vector A in Hilbert space, where the com-
ponents of A are the dynamical variables described in the last section:

A(k, 1) = {N(k, t), AN(K, t), E(k, 1), —ik-MU(k, £)} 24)

In the Mori linear response theory the matrix of the transforms of correlation
functions {A(w)A4*)> are given by the expression

{A()A*) = [iwl — iQ + K(w)]~K44%) (25)
where (A(w)A4*) is the half-Fourier time transform of the correlation function
CA()A*,

iQ = (AdA*D{(AA*)>~1 (26)
K(w) = <A*()(d )*)aa%>~ @n

6 AN is often called a progress variable and is relabeled £.
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{A*(w)(4*)*> is the half-Fourier time transform of (A *(£)(4*)*>,
A*(1) = {expli(1 = P)LtJi(1 — P)L4 (28)

iL is the ordinary Liouville operator, and the projection operator P acting on
an arbitrary vector G yields

PG = (GA*)AA*)>"'4 (29)

If on the long time scale of interest, the four variables {N(k), AN(k), E(k),
—ik-MU(k)} form a complete set, then at low frequency w, the transport
matrix K(w) is independent of w. We will assume that these four variables do
indeed form a complete set; this is our fundamental assumption.

The coupled transport equations in Eq. (25), together with a transport
matrix K(w) that is independent of w, are valid only at small w. We take

4> =0 (30)

ie., A is a fluctuation of a quantity . from its equilibrium value. Thus A4 is
always chosen so that

A=l — (> (31)

This is true of the variables in Eq. (24).

It is important to explain why we work with transformed quantities such
as N(k, ¢) rather than fluctuations such as én(R, ¢). First of all, it is N(k, t)
and not dn(R, ¢) that enters as a primary variable in the expression for the
spectrum in Eq. (3). Second, in the transport equations given in Eq. (25), the
vector A in configuration space must include elements at each position,
e.g., AR, 1), AR, 1), AR", ), ...; thus Eq. (25) would have to represent an
infinite set of coupled differential equations or, in continuum notation, a
finite set of integrodifferential equations.® This complication arises because
terms of the form {A(R, 0)A(R’, 0)> with R # R’ do not necessarily vanish.
However, in reciprocal or lattice space, all these problems vanish since terms
of the form {A(k, 0)4*(k’, 0))> vanish, because of translational invariance,®
ie.,

Ak, 0)A*(K', 0)) = {A(k, O)AK’, O)*>V ' 8(k — k) (32)

where V' is the volume of the sample.

4. THEORY: THERMODYNAMIC EQUIVALENCE OF TIME-
INDEPENDENT CORRELATION FUNCTIONS

Mori 2?32 has developed a procedure for relating the matrix elements of
the time-independent equilibrium matrices {44*> and (AA*> to thermo-
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dynamic quantities, and we discuss a simple variant of his procedure. The
results of this treatment can be presented as follows. In the linear response
limit, the distribution function p for a grand canonical ensemble can be
expressed as

p = poll + A(R) 3B(R)] (33)
where p, represents the equilibrium ensemble in the absence of any external
disturbances, and p represents the ensemble at local equilibrium in the pres-

ence of small external perturbations 6 B(R) conjugate to the Z(R)’s. With the
aid of this distribution function, one can readily show that

A(k) = [1/Q2m)*ksTVKAK)A*(K)>+ B(K) (34)

where the bar over A(k) represents the average value of A(k) in the perturbed
ensemble, ¢ > indicates an average in the unperturbed ensemble, B(k) is the
transform of §B(R), and A(K) is the transform of #(R). Since k # 0, A(k) is
actually the transform of the fluctuation [&Z(R) — <{>] [See egs. (10), (11),
(30), and (31)]. Our variables are

N(k)
AN(k)
A(k) = E®) (35
— ik MU(k)
where
N(k) = N¥(k) + N®(k) (36)

and the other variables are defined in Egs. (8), (13), and (14). We note that
N(k) is a number fluctuation and N is the total number of particles; N(k) and
N are very different. However, derivatives of N(k) and of N are identical, so
that we may replace N(k) by N in all derivatives. The same holds for the pairs
{AN(k), AN} and {E(k), E}, where E is the total energy. The transforms of the
conjugate perturbing forces 8B(R), are, in the low-k limit,

37 8{u(k)/T ()}
B(k) = 27V 7T;{?{';;I;)(/Z;§k)} (37)
Uik
where p and Ap are chemical potentials defined as”
p=pst+ ps (38)
Ap = py — ps (39

7 — Ap is often called the chemical affinity and is represented by — 4.
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where p, and pg are the chemical potentials (per molecule) of species A and

B, respectively, and U(k) is the fluctuation in the mean flow speed. A rather
complete derivation of the above results is given in Appendix B. [See Eq.
(B-9) for a precise definition of 8 in the low k-limit.]

If the elements of A(k) and B(k) are represented as A,(k) and By (k),
respectively, then from Eq. (34) we obtain

r(S59) o, = T V) AD AW (40)
1 (2Bk))  _ () -1
o (), | = TV A®A@) @

where A.(k) and B.(k) represent all components of A(k) and B(k), respec-
tively, except A,(k) and B,(k). The volume ¥ is also held constant; this is
equivalent to working at a fixed k. These results are valid if only terms linear
in B(k) are retained in A(k); therefore the derivatives are taken in the limit
of small B(k). In this limit, the system is homogeneous and the only Fourier
components present are those for which k& is small. We thus have the follow-
ing interpretation of the above results: The brackets < ) indicate equilibrium
at unconstrained equilibrium [B(k = 0) = 0]; the quantities 4(k — 0) are
thermodynamic or mean fluctuations from equilibrium; and the “forces”
B(k — 0) are thermodynamic potentials conjugate to the A(k — 0)’s; the
fluctuations vanish at equilibrium, ie., 4(k = 0) = (4(k = 0)> =0 at
Bk = 0) = 0; but if £ # 0 and B(k) # 0, we can have an equilibrium con-
strained by the “forces” B(k), and in this case A(k) # 0. The correlation
functions {A(k)A*(k)> are mean square fluctuations of thermodynamic
quantities at unconstrained equilibrium.

5. EVALUATION OF <4A4>~! MATRIX

In terms of our variables {N(k), AN(k), E(k), —ik- MU(k)} the <AA*>
matrix introduced above becomes

{A(k)A*(k)>
(NRIN*KY (N AN*Kk)>  N(KE*(k)> 0
_ AN(RIN*(k)y <AN(k) AN*(K)> <AN(KE*(k)) 0 (42)
CE(RIN*(k)>  (EK)AN*k)>  <E(R)E*(k)> 0
0 0 0 EM2UR UK

There is no coupling between {N(k), AN(k), E(k)} and { — ik MU(k)} because
the connecting matrix elements all involve averages of expressions that are
linear in the momentum. In the limit £ — 0, all the matrix elements in Eq. (42)
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are equilibrium quantities and therefore directly related to thermodynamic
quantities. By means of thermodynamic fluctuation theory, as outlined in the
last section, in the low-k limit we can readily evaluate the elements of the
inverse matrix {A(k)4*(k)> 1. We make use of Eq. (42) and the identifica-
tions in Egs. (35), (37), (40), and (41) to obtain

(au/ T (3#/ T T (3u/T) o
2\oN AN,E,V 2 3AN)N,E,V

—2- N,AN,V
T (BA,U-/T) I (3Ap/T) Z (3A,U./T) 0
. 1 2\ ON Janev 2\0AN [yzv 2\ 8E Jyanv
* -1 L +E, »E, ,
R = 2 T (91) 1 (aT ) 1 (6_7‘) 0
T\ON/an,pv T\eAN/yzv T \PE]nany
1
0 0 0 ey
43)

We have replaced N(k), AN(k), and E(k) by N, AN, and E as explained above.
V is held constant because we are working at constant k. In all these thermo-
dynamic derivatives, U = 0, which means that the total and internal energies
are equivalent.

We see that {A(k)4*(k)> and {A(k)A*(k))>~* are both Hermitian. From
Eq. (43) we can therefore obtain the interrelationships

(5o = () o i
s 30y
72"<_AZ_)NEV - T(aAa%T)N,AN,V (44c)

6. EVALUATION OF THE /Q MATRIX

Next we wish to evaluate the matrix i Q in the Langevin equation derived
by Mori, i.e., Egs. (25) and (26). To do this, we note that in the linear response
region, the expression

A(K) = @k TV) (AR A*(K)) - B(k) (45)

can be obtained in exactly the same manner by which Eq. (34) was derived. If
we now combine this expression with Eq. (34), we obtain

Ak) = (AW A*F) AW A*F)> AR (46)
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and by differentiating and comparing with Eq. (26), we obtain

o (24K
iQg = (a——m)m 47

(See the discussion in Section 4.) It can readily be seen that the only non-
vanishing elements of Q,, are those that connect —ikMU(k) with N(k),
AN(k), and E(k). If we make use of Eq. (47) together with the identifications
in Egs. (35) and (37), we obtain

lim iQ =
k=0
1 (&N
0 0 0 kM (%)N,AN,E,V
AN
; 0 0 0 kiﬂ-l (—a.——ﬁ-N)N,AN,E,V
1 (o
(? 0 0' m (éTE])N,AN,E,V
—kM(%)AN E,U,V _kM(aaAIIJV)N B0,V _kM(Z_g)N’AN'U,V 0

(48)

In the thermodynamic relationships we have replaced lim,_,, U(k) by U.

We can next evaluate the various time derivatives appearing in Eq. (48)
in terms of thermodynamic quantities. From Egs. (15) and (16), together with
Eq. (38), we obtain

N = ik(M/m)U (49)
where M is the sample mass and m the molecular mass, and in the low-k
limit

Ay k) = —ikMU = k2pV (50)
where the pressure p is defined as
Vp = G (51
If we go back to Eq. (26) and compare it with Eq. (48), we see that

OAN/oU = (UK U(k)*>~ AN (k) U(k)*>

—URUE*> U (k) AN*(K)>* (52a)
URUKY*> = E(R)U*K))

— U Uky*> UK)EK)*)* (52b)

oEjoU
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From Eq. (45) we see that

(%)BME,BU = (Uk) AN*(R)) ,ﬁ/ (53a)
(252), 0. = VOE®) £, (530)
We now combine Egs. (52a), (53a), and (50):
iM dAN —ksTV? ap
T U Uk THR)Y (aBAN)BN,BE,BU,V (542)
Similarly, we can combine Eqs. (52b), (53b), and (50):
_l]l_l_@_f_'] = __—ksTV® (6_1)) (54b)
k oU  <UK)U*(k)) \0Bz/5y,5ay.B5.v
Finally, we substitute Egs. (54ab), (50), (37), and the relation
MUY U*(k))y = kgT (55)
into the expression for 2 in Eq. (48):
0 0 0 _mLV
lim iQ = ¥ 0 0 0 “%v (E%)u,r,v (56)
0 0 O = (P

94 op op
o R <o 2
oN)avse ¥ \oAN)yzy * \GE)yanw 0

Note again that all derivatives are taken with U = 0, and that x and Ay are
chemical potentials per molecule.

7. TRANSPORT COEFFICIENTS

Finally we turn to the evaluation of the transport coefficients K(w) in

Eq. (27). In evaluating the (4 +)/i +¥(¢)> matrix, we can see immediately that
many terms vanish. First of all

N*k,t)=0 57
Second, for isotropic systems,
A EUH* = UHA)DH* =0 (58)

for A # —ikUM; this can be proved by noting that for all times, —ikMU*
has even parity in the spatial coordinate and 4* has odd parity in either
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spatial or internal (¢) coordinates. Thus all elements of {4 *(w)4**> vanish
except

UH@)U**) = oflw)oibd> = keTV () + 7,) (59)
<E+(w)E+*> = kP ()o@ *> = k%kgT?Vk (60)
(ANF (@) AN*¥) = kX otV (w)of™ %) + (y*(w)y™*) = [k*D + RIN(61)
<AN+(w)E+*> — <E+*(w) AN+*>* — k2<(r§f)+(w)§£">+*> — kzDTV (62)

where the various coeflicients 7, 7., x, D, and D; are defined by these equa-
tions and are the coefficients of shear viscosity, bulk viscosity, thermal
conductivity, appropriate diffusion, and appropriate thermal diffusion, re-
spectively, and R is the “reaction’ decay constant. In the low-w limit, the limit
in which we are interested, the transport coefficients are all real. We can now
combine Egs. (59)-(62) with Eqs. (41) and (44) to obtain the transport
matrix K = lim,_, o K(w):

K=
0 0 0 0
N N N
2 EAR 2 A 2
(DK? + R) T (Dk* + B) T (DKk? + R) T 0
y (B(M/T)) « (3Ay,/T) « ( oT )
6AN N,E aAN N,E aAN N,E
kzDTV(_QZ) +k2DTV( BT) +k2V ( 3T)
kBT2 aN AN,E kBT2 aAN N,E kBT2 6AE N,AN
T2V Z[TZVK 2[ (_3_7_’_)
k [ 3 k 3 k% Vk 3 )y an 0
« (8p/T) « (aAp./T) + DV (8A;.L/T) ]
OF [ y.an OE [n.av 2kg \ OE Jwaw
DV (aA;L/T) ] DV (3Ap./T) ]
ZkB N ANE sz AN N.E
0 0 0 wip) (3 +m)

(63)

All the derivatives are taken at constant ¥V and at U = 0.

The equations derived above differ slightly from those obtained for
systems whose internal dynamics are uncoupled to the hydrodynamic
modes.® First of all, the local energy density and its conjugate potential are
modified by the presence of the internal energy of the molecules. Second, the
matrix of transport coefficients contains a dissipative decay term R which is
not proportional to k2.




182 Paul Madden and Daniel Kivelson

8. TRANSPORT MATRIX
One finds that Dy « D, and in order to simplify the results, we shall set
D=0 (64)

This has no appreciable effect on the results, as has been discussed by
Mountain and Deutch.®® Additional simplifications occur if we introduce the
following effective transport quantities:

, _ DN (0AwT

b= kg ( AN )N,E,v 63)
., _ RN (0AwT

R = ( GAN )N,E,v (66)
(%

Kk = KV(@E)N,AN,V (67)

7 =+ n)lp (68)

D’ is a mutual diffusion constant, 5’ is an intrinsic total viscosity coefficient,
and (9E/0T)y ay,v is the heat capacity at constant volume for a nonreacting
solution. If we make use of the approximation in Eq. (64) and the definitions
in Egs. (65)-(68), the transport matrix —i 2 + K becomes

/ ] 0 0 L
m
, , , 2ADk? + R) 2V ( op )
2 2 4
(D'k* + R') (D'k* + R') = 3 B T),
i~ ap/T) ( oT )
Q= (3Au/T * \GBuIT) v.x
e 2 (ay/T) K2 T? (aA,L/T) Ko vr ( @)
2 oT N,AN 2 or N,AN Nm \oT 4iT, ApiT
op ( op ) (ap) ,
—_ 2| &2 — Vk2 _— 2§ &£ 2,
vk (6N)AN,E AN ). VENGE)yan *7

(69)

Again all derivatives are taken at constant volume V and at U = 0. The
transport equations associated with this matrix are equivalent to the appropri-
ate equations obtained from irreversible thermodynamics. These equations de-
scribe the fluctuations monitored in a light scattering experiment, fluctuations
in a given volume element (determined by k) at a fixed position in space (deter-
mined by the scattering geometry). The connection is proved in Appendix C.

9. CALCULATION OF LIGHT SCATTERING SPECTRUM

The expression presented in Eq. (3) for the light scattering spectrum
depends upon correlation functions whose time dependence is determined by
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the coupled transport equations, Eq. (25), with the transport matrix given by
Eq. (69). We can solve these transport equations by inverting the 4 x 4
response matrix [iw1 — 7 Q 4+ K]. The most convenient way of representing
the results is to express the spectrum as a sum of four generalized Lorentzian
lines of the form L w):

Re(Z)T; Im(Z)T;

Li(w) = Fj2 + (w — wj)z I‘j2 + (w - w]')z

(70)

where I'; is the half-width and w; the position of the line, and Re(Z,) and
Im(/;) are the intensities of the “normal” and “dispersive” parts, respec-
tively. Such Lorentzian solutions for {4(w)4*) in Eq. (25) can readily be
obtained; first one obtains the four roots or eigenvalues A; of the secular
equation

M —iQ+ K =0 (71)

As we shall show below, there are two real and two complex eigenvalues A;
for this secular equation. We can conveniently express the two real ones as

Ay =T% (72)
Ap=T7 (73)

where the subscripts R and T stand for reactive and thermal modes, respec-
tively. The complex solutions can be expressed as

A, =T, + ick (74)

where the subscript s stands for sound modes and ¢, as we shall see, represents
the sound speed. We can then write /(w) in Eq. (3) as

Ply . _Tuly T(Re L) + (w — ck)(Im 1)

H(w) = g2 + 0?2 T2 + o? 'y + (0 — ck)?
]'-‘S(l{e Is) + (w + Ck)(Imls) (75)
L + (0 + ck)?
where the intensity factors 7; are specified by
oN oAN
17 _ e | Z4Y 2(H(ANAN)
(ksT) 11, 2{05 @ (ap)Au,T,V + A2 (8AM)u,T,V
ON oAN
v, any | G4Y (AN,N)
T Aa[(l)] (aAM)u.T,V + ( ou )Au,T.V]}
X A=A + A= + ) (= A + At (76)

with j # j* # j” # j", the ©{*® are

oA,
(ab) 1 — 9 g
ot Z N1 —iQ+ K ( > Bb)Bch”Bc- )
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where {\;1 — i Q + K}, is the aa’ cofactor of the matrix [A,1 — i Q + K],
and where ¢’ # ¢” # ¢” # b. Equation (75) represents the decomposition of
the spectrum into four Lorentzians.

It follows from the material above that ®©%” and ®$*” are real but
®EeY js complex.

10. EIGENVALUES A, OF TRANSPORT EQUATIONS

In order to express the spectrum I(w), we make use of Eq. (75) together
with the relations in Egs. (76)-(77). To do this, we need the eigenvalues A; of
the transport matrix K — / Q, i.e., we must solve the secular equation (71).
This secular equation can be expanded

A4 + b3A3 + b2A2 + b]_/\ + bo = 0 (78)
where
by = K[’ + 4" + D'l + R’ (792)
by = k%02 + (R + DEI)[’ + 7' lk? + w'n'kt (79b)
by = k20 2(R + D'k?) + k*o,% + (R + D'k«"k*y (79¢)
by = (R + Dk k" (794d)
with
1)
Do? = (—I;)NS N (80a)
op
2 . (Y2
Ve (3P)N,S,AuIT (80b)
)
o = (%’))N -, (80c)
ap
2 _ (9P
Vor = (8p)N,T,Au/T (80d)

p is the mass density, the transport coefficients D', R, «’, and n" are defined in
Egs. (66)-(69), and the thermal conductivity «” is

” — a_j-_v
= "V(aE)N,V,M ®1)

The velocities vg, Ve, Up, and v, are all thermodynamic quantities whose
significance is discussed below; they are rather complicated quantities when
obtained directly from Eq. (69), and the details of the manipulations required
in obtaining them in the form of Eqgs. (80a)—(80d), as well as those required to
obtain Eq. (81), are given in Appendix D.
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Before looking in detail at the solutions to Eq. (78), it is interesting to
study the imaginary part of the complex solutions, i.e., the sound velocities,
under a set of very extreme conditions.

(1) If there is no reaction or dissipative transport, i.e., if ' = D’ = 0,
then the sound speed c¢ is

¢ = v, (82)

This is the speed of sound in a two-component system in which all transport
properties, including chemical reactions, are slow; from Eq. (80a) we see that
vy is the “ordinary” adiabatic sound speed.

(2) If the reaction rate is infinitely rapid, i.e., R’ — oo, then

¢ =Va (83)

This is the speed of sound in a two-component system where the chemical
reaction is so rapid that chemical equilibration (Ap = 0) is instantaneous.

(3) If «" — o0, and all relevant frequencies not dependent upon «" are
small, then

¢ =g (84)

This is the speed of sound in the two-component system where thermal
equilibrium is instantly reestablished, i.e., AT = 0.
(4) If R’ » kc and k%«' > ke, but v'k? « ke, then

U= Vgp (85)

This is the speed of sound in a two-component system in which instantaneous
chemical and thermal equilibration is achieved, i.e., Ax = 0 and AT = 0.

11. SPECTRA: LINEWIDTHS

The light scattering spectrum corresponding to the system under study
consists of two Rayleigh lines and two Brillouin lines which are distorted
because of dispersive contributions. Explicit expressions for the widths of the
lines and the frequency shift of the Brillouin lines can readily be obtained, and
comparison between theory and experiment can be carried out. The intensi-
ties of the lines are, however, very complicated expressions, dependent upon
thermodynamic and transport quantities, and these can usefully be compared
with experiment only in certain extreme limits. In order to obtain some in-
sight, we will discuss the intensities only under these extreme conditions, but
it should be remembered that in dealing with actual spectra, a more detailed
and involved analysis may be necessary.
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We will assume that
ck > k%, k%, k2D’ (86)

a condition that almost always holds (c is the sound speed). Consequently, we
retain terms linear in k%9, k%«’, k2«”, and k2D’, but no higher order terms. We
also assume that 8,2, 8,2, 8%, are all small and need only be retained
through first order, where

8% = (0o® — 052)[0o? (87)
872 = (0o® — v?)[ve? (83)
8%r = (0o® — v&)[vo? (39)

The reaction rate R’ can take on a wide range of values, but we will limit the
discussion to values of R’ such that

W& (90)

Approximate expressions for the sound speed ¢ and sound absorption
frequency I'; can readily be obtained under the conditions specified above:

'k? R?\ 8.2 0,2kR’
L= T (14 ) + 5 s o1
2p’2 2 .
¢ = pp2 — LORT L (92)

%

The most interesting aspects of these equations are the k& dependence and the
R’ dependence. For slow reactions, i.e., for vok > R’, one finds

s = In'k? (93)
¢? = py? 94)

These yield the well-known Brillouin linewidths I', and frequency shift
+ kv, characteristic of unreacting liquids. For fast reactions, i.e., R’ = ck,
both the sound speed and sound absorption frequency exhibit a dependence
upon R’; the dependence of I'; upon R’ is particularly pronounced.
Expressions for the widths of the two Rayleigh lines must be considered
separately in various limits. For slow reactions, R’ « ck, the widths are

T, = (R + k2D')(1 — 8.2) + K1 — 8.2)
+ {[(R’ + kD)1 — 8.2) — kX1 — §2)P

25, 2\ 1/2
-+ (1L - L)) ©
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If the reaction is very slow, R’ « «'k2, then
Iy =R + k2D’ (96)
Ty = «'k? o7

where I'5, the width of the “reaction line,” is the (+) solution in Eq. (95) and
Iy, the width of the “thermal conduction” line, is the other solution. These
are well-known results.*7-1® If the reaction rate is somewhat faster, com-
parable to the rate of thermal conduction, then R" = «'k% and we have what
might be called the “degenerate case.” In this case the interaction between
thermal conduction and the chemical reaction is very strong, and the two
Rayleigh Lorentzians not only have comparable widths but they also both
arise from chemical and thermal effects.-17-1®

For rapid reactions (R’ > «'k?), I'; once again becomes a pure thermal
mode, but it differs slightly from the expression in Eq. (97):

Iy = k"k? (98)
where «” is defined in Eq. (81). 'y becomes
Py = (R + E2D)[1 — 2R [vs*)n'] 99

In this limit we should neglect the D’ term, but we have kept it because Eq.
(99) then reduces properly to the slow reaction limit, Eq. (96).

We see that away from the degenerate limit, I'; is a thermal mode with a
k* dependence, whereas I'y is a reaction mode with an R + k2D’ depen-
dence. However, the Situation is more complicated for the degenerate case.

These eigenvalues correspond to those obtained by Mountain,®® but for
fast reactions they differ from those given by Weinberg and Oppenbeim.*®
The latter authors made use of a very strict £ expansion and R’ expansion
and so did not retain the (v,k? + R’'2) denominators. The same is true of the
related theory of rotational motion presented by Gershon and Oppenheim.©®

12. SPECTRA: INTENSITIES

The intensities of the four lines depend upon a host of thermodynamic
factors as well as upon A and « [see Eq. (76)]. We shall make estimates of the
relative intensities of each line arising from each correlation function, i.e., the
@4 for each jin Eq. (76). By the straightforward but lengthy procedure indi-
cated in Eq. (77), one finds that the intensity factors ©{*® are

O = A3 4+ A2[Ryy + (D + & + 7)k?)
+ Mk202, + (Rap + Dank®)(n' + xap) + 7]
+ [(Ray + Dopk®k*v3pp + <'k*050
+ (Rab + Dubkz)"abn’] (100)
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where (ab) represents (NN), (N AN), (AN, N), or (AN AN); the v,, are
thermodynamic quantities with dimensions of speeds; the D, Ry, and «,, are
transport quantities related to D', R’, and «’ introduced in Egs. (65)-(67).
The 40, Vapes Vavrs Daps Rap, and xgy are given in Appendix E.

In the degenerate case, «'k2 ~ R’, and the two Rayleigh lines have com-
parable intensities. Here we shall exclude this degenerate case and obtain
expressions for the relative intensities [¢{*?/A ], where

Ay = (=X + A=A + A)(=2; + ) (101)

for all other cases. We shall make the assumption that all the velocities are
large in the sense that

vk > «'k2, K2, 7'k (102)

for all the v’s, i.e., for vy, Vapr, and v,, and for all relevant differences of these
v’s; wherever such combinations of velocities do not obey the inequality
in (102), they should be neglected but their retention introduces insignificant
contributions. We still assume that 6,2, 872, and 8%, are small compared to
unity. Since so many different thermodynamic quantities enter into the
intensity expressions, it is unlikely that quantitative interpretations of the
intensities will be forthcoming in the near future.
In the very slow reaction limit (R’ « k2«’, k?7’), the intensity factor is

LV /AR = favbie/vo® (103a)
OEP[Ar = (V3s — Sartane)/vo® (103b)

The f,, are dimensionless thermodynamic quantities defined in Appendix E.
In the fast reaction limit

O/ Ay = (02, — asb2er)k?[(kPvs® + R'?) (104a)
OEP[Ar = gopVapr/o’ (104b)

where the g,, are also dimensionless thermodynamic quantities defined in
Appendix E. If a = N, then f,, = g,, = 1. In the approximation used here,
the thermal Rayleigh line has intensity factors [®¥?/A;] that are independent
of k and independent of reaction rate R’, both for slow and fast rates, al-
though it clearly does have an R" and k dependence in the degenerate regime.
The intensity factors [®E?/A.] for the reaction line are independent of k and
R’ for slow reactions, but depend upon both k and R’ for fast reactions; they
decrease with increasing R’ at large R’; for R’ < kv, they increase with
increasing k but for R’ » kuv,, they are independent of k.
Next we turn to the intensity of the Brillouin lines. The “normal”
Lorentzian contributions are
O v?k[1 — (v3p/06")] + gaR*[1 — (V3r/v0%)]

Re 43— = 2wk + R7)

(105)
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For slow reactions
Re(QP/A) = 31 — (v3/v6™)] (106)

Thus for slow reactions the intensity is independent of & and R’; for R’
comparable to vgk, the intensity has a complicated k£ and R’ dependence; for
R’ much faster than vk, it is again independent of R’ and k. The dispersive
Lorentzian for the Brillouin lines has intensity factors Im(®$?/A,), where

m O K{R[gan(ve® = Virr) — (0o® — VErr)] + 30K (v,?
A, 20o(R”® + 04%k%)

_ vgb)} (107)

It is interesting to study the ratio (Im ®#»)/(Re ®2), which is a measure of
the “distortion’ of the Brillouin lines:

Im OF%  vok{R[gur(v0® — v3or) — (00 — vE)] + In'k%(ve® — vEb)}

Re 0@ ~ 0o2ko (0o — 0 + TRt — o) L0B)

For slow reactions, this ratio is linear in k£ with slope —»’/2v,. For very fast
reactions the ratio is also linear in k& with slope

—@o/ R = (06® — v3) ga' (V6” — Vare) ']

For reactions such that R’ and kv, are comparable, the ratio is linear in & for
small k but turns around and decreases with increasing k at large k.

The four (ab) contributions ¢*® for each j line all have the same func-
tional k and R’ dependences, but because of the differences in thermody-
namic coefficients, both the observed £ and R’ dependences and the relative
contributions to each line from each correlation function may be different.
The (NN) contributions are of particular interest since they are the only con-
tributions if the two species have identical polarizabilities, i.e., if Ae = 0. In

this case, for small R’,
SR ap AN
Ar P(m) Fxl (109)

This is a small quantity since it is proportional to a concentration compres-
sibility which is presumably small compared to the ordinary adiabatic
compressibility v,2. The corresponding (AN, AN) contribution is

govam a_p) (BAN) ( ON ) (110)
Ay p ) an,1.v ON Jawr,E,v \OAN Ju1v

The numerator should be larger in this case. Hence the (AN AN) contribution
to the reaction Rayleigh line should be larger than that of the (NVN) correla-
tion function, provided, of course, that A« and « are comparable. The (NVN)
contribution is the Mountain line.®V Similar arguments hold for the various
lines in all limits and for the cross-correlations as well.
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13. COMMENTS

One should note that if the polarizabilities of the two species are identi-
cal, Ax = 0, and only the first of the three terms in Eq. (76) is nonvanishing.
Even in this case, however, a fourth line, over and above the usual Rayleigh-
Brillouin triplet, is present, and the half-width of this fourth line is dependent
upon the rate R of the chemical reaction. This case is quite identical with that
discussed by Mountain,®V except that he neglected the dispersive contribu-
tions to the Brillouin lines, and that discussed by Weinberg and Oppen-
heim®®; the fourth or I'y line is often called the Mountain line. In our
notation the Mountain line arises because of the introduction of the fourth
variable, the concentration variables AN, but if Ae = 0, it acts as a secondary
variable, that is, it does not appear directly in the expression for the spectrum
in Eq. (3). On the other hand, if A« # 0, the fourth line enters not only
through AN as a secondary variable, but also with AN acting directly as a
primary variable in the expression for the spectrum in Eq. (3). It is important
to note that in this latter case the intensity of the reaction or concentration
line with width I'y is not merely proportional to (A«)? but also has contribu-
tions proportional to « A« (cross-correlations) and contributions propor-
tional to «? (Mountain line). Fortunately, these results indicate that rates of
reaction I'y can be determined even if Ax = 0.

If the degenerate condition, R’ & «'k?, holds, the Rayleigh linewidths
[', depend both upon thermal conduction and reaction rates; we must use
the complete expression in Eq. (95) for the linewidths of the two Rayleigh
lines. In this case, the rate of reactive decay is strongly dependent upon the
rate of thermal conduction. This means that the rate at which reaction takes
place depends strongly upon the rate at which heat flows away from or toward
the reacting volume element.

Whereas Weinberg and Oppenheim @® have chosen the fourth variable
to be the internal energy, a reasonable choice for the study of vibrational
relaxation, we have been forced to consider a concentration variable such as
AN as our fourth variable since it is a much more natural one for discussing
chemical reactions. In our notation, as given in Egs. (18)-(20), Weinberg and
Oppenheim’s variable is [eaA¥™ + s A{®]. Thus their currents are also given
by equations analogous to Eqs. (19)~(21) with the 2 in Eq. (20) replaced by
(4 — ep), and AP and AP in Eq. (21) replaced by £,A and — AP, re-
spectively. For the one-component vibrational problem the two theories
should give very similar results. For a two-component system with A« # 0,
the concentration variable AN is conserved in the absence of chemical
reactions and must therefore be treated as a fourth, slowly varying relevant
quantity; furthermore, it enters directly as a primary variable into the
expression for I(w).
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As we mentioned in the introduction, Mountain, in his hydrodynamic
theory, introduces a time-dependent viscosity instead of a fourth slow
variable. Sutherland and Deutch’s*® treatment is a hydrodynamic equivalent
of our procedures, but they carry out calculations for nonreacting two-
component liquids with an internal degree of freedom. Salsburg et al.®™ have
carried out calculations starting with equations of irreversible thermody-
namics and applied them, in less detail, to reactions of greater complexity.
Kapral et al.®? have followed a similar procedure but have not included the
conserved variables.

We note again that small differences do exist between molecular theories
in which local field fluctuations are neglected and the molecular polarizability
is assumed constant and thermodynamic theories in which the dielectric
constant and the internal relaxation mode are functions of both density and
temperature. (See Refs. 9, 10, 21.)

APPENDIX A. EVALUATION OF ¢©

We wish to obtain the expression in Eq. (23) for energy flux density &,
defined in Egs. (22) and (23). We first take the time derivative of E(Kk, 1)
defined in Eq. (14),

Ek,t) = Zlk q[6)] exp ik-q; + z exp ik-q; (A.D
j
where
=(PP2m) + % D, Uy + o (A.2)
J#ET

In this expression the internal energy e, is a function of the internal coordinate
¢, and momentum =; of the jth molecule, i.e., £(&;, 7;). The potential energy
U,; is a function of q,; and of &, i.e., U;(q;, &;). Now consider &;:

& = {%n& + EZ [q]"VfUﬁ' + §;-V; Uy
&

oU, | ;. U, | o
+€J agj + fj'?gf;il 851 §1 X } (A?’)

where V; is the gradient operator corresponding to q;, From Hamilton’s
equations of motion we have

. og; 1 (E)U,-,., aU,-,,-) : O¢;
= 1 iy : c= A4
" ot 2 J‘Zi o¢; o¢; & om; (A4

P, = —ViZ Uss q; = p;/m (A.5)
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If we substitute Eqs. (A.4) and (A.5) into (A.3) and note that U, = U, and
anj:/afj = anj’/afjr (A6)

then we obtain

1 oU,,
<a“5,- = QEZ [=p;-V;Us + pse V3 Uy] 22 T (ff f’ (A7)
<

Next we substitute Eq. (A.7) into the second term in Eq. (A.l),
y , 1 ,
zj: jexp ik-q; = m Z [P+ V; Uy — pi» VU] exp ik-g;
7.3
+ [p;-ViUsy — ppe VUl exp ik"lr}

— i[5 - o] ek

+ [aU” (& — é‘,)] exp ik- qJ} (a.8)

We note that
VU = =V, Uy (A9)

Since U, is short range, for small £ we can expand exp ik-q;;, and Eq. (A.8)
becomes

, 1 , ,
Z &;expik-q; = yl Z (’k-q;)(exp ik-q;)
j 7.5

% I:% p; + ) V;Uy + =7 8U,] (¢ — é,-)] (A.10)

Equation (A.10) combined with Egs. (A.1) and (A.2) ylelds Eq. (23).

APPENDIX B. EVALUATION OF ZERO TIME CORRELATION
FUNCTIONS

We present a derivation of the expressions used to express zero time
correlation functions as thermodynamic derivatives, i.e., we derive Egs.
34)-(37).

At equilibrium, in the absence of any external perturbations, the distri-
bution function p, for a system in a grand canonical ensemble is

po = exp —B(Ve — Viana — Vigng) (B.1)
where e is the energy density for the system, Vits volume, 8 = (kgT) ™%, T'the
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equilibrium temperature, 1, the chemical potential, and », the number
density of the yth species. The quantities T and p, are statistical quantities
independent of the phase point variables p; and ¢;, the momentum and
position of the jth particle. In the absence of external perturbations the system
is uniform, and 7" and p, are constants. The quantities #, and e are functions
of the phase point variables; since the system is uniform, both », and e are
independent of the space point R, i.e., of position within the sample.

If we apply a set of small external perturbations to the system and allow
the system to attain local equilibrium at each point R, then the new distribu-
tion function has the form

p = oxp{ = [ aR [e(R) — 31, 5® — 4)-T®)
£33 m R = )T = iRna(R) — paRona(®)| TR (3.2

where dR is a three-dimensional volume element, >, p; 8(R — q,) is the
momentum density, and >, m; 8(R — q;) is the mass density at point R;
U(R) is the average flow velocity of a small volume element at point R, a
volume element small compared to ¥ but large compared to molecular
dimensions. We assume that all the quantities in Eq. (B.2) are at local equi-
librium and well defined in each small volume element specified by the
position R. In order to obtain Eq. (B.2), we note that the total internal
energy density e;,(R) of a volume element at point R moving with velocity
UR) is

em(R) = § 2> ml(@;/m) — TR SR — q)) + - (B.3)

where the potential and intramolecular energies have not been explicitly
indicated. If the right-hand side of Eq. (B.3) is expanded, one obtains

em(®) = 1 2 m; SR — ¢)UR)Y - > p, 8(R — q,)-UR)

#1357 R = 0 4] (B.4)
b 3

We note that the quantity in brackets is the total energy density e(R), whose
Fourier transform is given in Eq. (14). The distribution function p depends
upon e;,(R); thus we replace e in Eq. (B.1) by e,,,(R) and we are then led to
Eq. (B.2).

The quantities 7/T(R), U(R), and u(R) in Eq. (B.2) are all statistical
averages independent of the phase points {g;, p,}; they are dependent upon the
space point R because the system, though at local equilibrium, is no longer
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homogeneous. It is these quantities, which do not depend upon the internal
variables of the system, that we associate with “external forces or perturba-
tions” which are responsible for the distortion of the distribution function
from that in Eq. (B.1) to that in Eq. (B.2) We will make a linear approxima-
tion; we assume that the external forces are small, i.e., that only terms linear
in [T/T(R) — 1], U(R), and [i,(R) — g,] need be retained. Therefore, we can
neglect the U(R)? terms in Eq. (B.2). In the context of this linear approxima-
tion, we can expand the distribution function p about p,, retaining linear
terms only:

o= po{l + 8 dR [or) 2R 4 5 py 2R - )T

+ na(R)T 8(’;?((113) + ny(R)T 3(%)]} (B.5)

where 80 represents the small changes in a quantity Q in going between the
two ensembles discussed above.

Now we discuss the average value Z(k) of a set of quantities (k) in the
ensemble represented by the distribution function or density matrix p in
Eq. (B.5):

(k) = Tr p(k) (B.6)

From Eqgs. (30), (31), and (11) we see that, provided we exclude k 5 0, we can
replace «Z(k) in Eq. (B.6) by the fluctuations A(k) of these quantities:

A(K) = Tr pA(k) (B.7)

We next substitute Eq. (B.5) into Eq. (B.7), taking account of Egs. (30) and
(32):
8T (k) U(k)

0 = s [caormoy S + caom- vy 2

+ CAGON (DT a(’;f\((lf))) + CAGRNS R)ST a("TBT(kk)))] (B.8)

where —ik- MU(k) is defined in Eq. (13), U(k) is both the average of U(k) and
the Fourier transform of U(R), <Q) indicates Tr p,Q, an average over phase
points. Note that 8(ua(k)/T(k)) is a short-hand notation for

8(paltk)/T(K)) = pall)T ™ — paT5 *T(k) (B.9)

where u, and T are equilibrium quantities in the undisturbed system, p,(R)
and T(R) are corresponding quantities in the perturbed system, and ps(k)
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and T'(k) are Fourier transforms of the fluctuations 8u,(R) and 8T(R). In
obtaining Eq. (B.8), note that

f CA(k)A*(R)> - SB(R) dR

- f f CAR) () ‘ﬂ’((;——-_;)kg'm dk' SBRYAR  (B.10)
If we substitute Eq. (32) into (B.10), the right-hand side of Eq. (B.10) becomes
(A(k)A*(k)yB(k)/(2m)?V. Equation (B.8) is equivalent to Eq. (34) with
A(k) given by Eq. (35) and B(k) by Eq. (37).

Since the various time-independent correlation functions that enter into
the transport theory can be related to derivatives with respect to the “external
perturbations™ B, it is important to understand precisely what these quanti-
ties are. We note that the quantity 7(k) is defined as

Tk) = f exp(ik-R) ST(R) dR (B.11)

In obtaining this quantity, we have assumed local equilibrium such that the
temperature T(R), and hence the fluctuation 8T(R), are uniform over a small
volume element v, ; this volume element can then be defined by the relation

T(k) = v 8T(R) (2)? (B.12)
In the limit of small k, v, approaches the volume V of the system and

lim T(k) — V 8T (2m) (B.13)
k-0

In this limit 87(R) is uniform over the entire system. Note that 7'(k) has the
dimensions of a temperature times a volume. Similarly, at local equilibrium,
3uA(R) is uniform over the volume v, and

lim pa(K) > ¥ Sua (2)° (B.14)
-0

Ata given value of k, we have local equilibrium in a fixed volume element
vi. It therefore follows that all thermodynamic derivatives in the theory are
taken at constant volume.

APPENDIX C. EQUIVALENCE OF HYDRODYNAMIC
EQUATIONS

We wish to prove that the transport matrix in Eq. (69) gives rise to the
usual transport equations obtained by irreversible thermodynamics. First we

note that the Mori theory @ yields transport equations for A(w), the instan-
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taneous average of the half-frequency transform of A(¢), which are analogous
to Eq. (25):

Ak, 0) = — [Kk, w) — i QK)]Ak, w) (C.1

In the low-frequency and low-k regime K(w) = K(0). Equation (69) gives the
transport matrix associated with the variables 4 = {N, AN, E, —ikM.U}.
These are not the variables usually used in irreversible thermodynamics, so
we must transform to customary variables such as N, ¢, T, p, where p is the
pressure and ¢ is the mole fraction.

From Egs. (C.1) and (69) we can obtain the relation

— kMUK = sz[(aN) N + (a/i[;v) AN®
+ (%)MM,VF@] + k' ik MU (k) (C.2)

The term in brackets is the transform of the pressure fluctuation per unit
volume [8p(z)/ V] at constant volume; if this substitution is made, Eq. (C.2)
becomes

%= "2, T 328 (C3)

where g is the momentum density. This is the Navier-Stokes equation.® (All
thermodynamic derivatives are at constant U.) Similarly, from Egs. (69) and
(C.1) we obtain

N(k) = +ikMU(k)/m (C.4
the equation of continuity. In position space this equation becomes
R0t = —V.g (C.5)

where 7 is the number density.
We next combine the third line of Eq. (69) with Eqgs. (67), (44), and
(C.4):
- oT or —
2
Ek) = —k VK[( N)AN,EV (k) + (8AN) AN(k)

+ (%)N E( )] e (aT)u/T AIT, vlkMU(k) (C.6)

The term in brackets is the transform of the temperature fluctuation per unit

volume at constant volume. In the expressions above, E(k) is the Fourier
transform of the total energy density and E is the total energy. In the thermo-
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dynamic derivatives, U = 0, and in these quantities E is therefore the internal
energy. From Eq. (D.3) we note that the last term on the right-hand side of
Eq. (C.6) is equal to ikHU(k), the enthalpy flow into a fixed volume element
(fixed k).

Next we transform to position space:

oe H oz &T

- My e (€7

where ¢ is the energy density. This is one of the hydrodynamic equations,
[see Eq. (86) of Ref. 9: Note that the corresponding equation in Ref. 10
makes use of T rather than &].

We consider the second line of Eq. (69) as well as Egs. (65), (44), and
(D.4); by procedures similar to those above, we obtain

AN(k) = —(Dk? + RY(N/2ky) 8(Au(k)[T(k)) + ik ANUKk) (C.8)

where 8(Au(k)/T(k)) is defined in Eq. (B.9). But instead of AN(k) we wish to
use c(k), the Fourier transform of the fluctuation of the mole fraction of
component A,

o(k) = f R SRR T exp(ik-R) (C.9)

For small fluctuations, only the fluctuations are affected by the transforma-
tion, i.e., 31u(R) goes to N (k) but n(R) is a constant N/V. Thus
AN(k) = 2N/V)e(k) + (AN/N)N (k) (C.10)

and we can expand 8(Au(k)/T(k)) as

S(Au(k)/T (k)
Next we substitute Eqgs. (C.11), (C.10), and (C.4) into Eq. (C.8):
+ (%)T,V’Am M] (C.12)

where

R, D. _ (0Ap/T
R_D_( éc )pw (€13
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APPENDIX D. THERMODYNAMIC EQUIVALENTS OF SOUND
SPEED

The variables N, AN, and E are suitable variables for the microscopic-
linear response approach to the present problem, but these quantities are not
the most suitable variables for macroscopic treatments. Thus the thermo-
dynamic derivatives in Eq. (69) are not familiar ones, and the eigenvalues of
Eq. (69), if expressed in terms of these derivatives, are not very revealing. For
example, v,%, where v, is the slow reaction sound speed given in Eq. (80a),
enters as a coefficient in Eq. (79b) and has the following form if obtained
directly from Eq. (69):

o2 = V(2P + 7 3_1’) p
0 m{\ON Janev N \OT)ur,aurv\OE |xanv

Y(z2r o
+ 2N (9A[L)u,T,V(3AN)N,E,V] (D.1)

Equation (D.1) can, with a bit of thermodynamic manipulation, be reduced to
Eq. (80a). To do this, we proceed as follows. The molecular chemical poten-
tials © and Ap defined in Eqgs. (38) and (39) are related to the Gibbs free
energy G by the relation

G = 1uN + 1 Au AN (D.2)

where N and AN are defined in Eqs. (36) and (8): The corresponding Gibbs—
Duhem equation yields

op _H
(ﬁ)u/T.Au/T TV (D.3)
and
ap AN
(m)m =2 (D.4)

where H is the enthalpy.
Next we note that in our notation the first and second laws of thermo-
dynamics are

dE = TdS — pdV + 3udN + % Ap dAN (D.5)

From this we obtain

op 1 {op
el N gl 4 D.
(3E)N,AN,V T (3S)N,AN,0 (D-6)

(Note that holding N and V constant is equivalent to holding N and p
constant; also note that all thermodynamic derivatives are taken at constant
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U, mean flow speed.) It can readily be seen with the aid of Eq. (D.6) that

(aAN)N,E,V - T (aS)N,AN,D(aAN)ﬂ,D,N (D7)

We next reexpress the first term in Eq. (D.1):

14 @_P) _ ée) + (2 aN
m \ON Jan.e.v  \Op/)w.an.s ON [ an,p.s\ Op JavEv

op oS
(% 9% D.
(3S)N,AN,0(3P)AN,E,V (D-8)

If we go back to Eq. (D.5) and replace N by pV/m, where p and V are both
variables, then we can readily show that

oS 1 uN
hdad = D.9
(ap)AN,E,V 2T (D-92)
oE 1 oS
(8AN)1:,9.N B i AIJ‘ + T(aAN)p,o,N (ng)
We also see that
(ﬂ) _N (D.10)
o p
op op 8S)
& = —{£ — D.11
(aN)AN,p,S (aS)AN,p,N(aN AN,,p ( )

We substitute Eqs. (D.2)-(D.4) and (D.7)~(D.11) into Eq. (D.1):

oo () _1(®
o ap N,AN,S Tp aS N,AN,p

oS oS
— i A — .
% [ S+ N(aN)AN,p,p * N(@AN)N,a,p:l (D-12)

The quantity in brackets vanishes and so Eq. (D.12) reduces to Eq. (80a).
Similarly, v; obtained directly from Eq. (69), is

V (op T? {ou/T
2,2, 7 (9P S el
Prt = 00"+ m (8E)N,AN,V[ 2 ( T [n,anv

_ T_zV(.?E_) (MP/T) _ ZK(a_P) } (D.13)
N \oAp)urv\ 0T Jwanv N \OT)uyr.aurv )

We now prove that this expression reduces to that in Eq. (80c). To do this, we
rewrite the thermodynamic laws in Eq. (D.5) in terms of the Helmholtz free
energy A:

dA = —SdT — pdV + 3udN + % Au dAN (D.14)
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It follows that

1 (op _{8S
—_ z (aT)N,AN,V - (aN)AN,T,V (D.IS)
1 (0Ap as
— 5 (né‘f-)N,AN,V - (aAN)N,V,T (D.16)
If N and V are constant, the density p is constant. Next, we see that
o8 N p (88
(aN)AN,T,V - (8N)AT,,,,T + N (aP)AN,N,T (D.17)

We substitute Eqgs. (D.15)~(D.17), (D.3), (D.4), (D.6), and (80a) into Eq.
(D.13), remembering that if N and V are held constant, we can equally well
hold N and p constant:

op 1 (op N AN Au
2 __. = | _ —
e (ap)w,w,s " PT(f')S)N,AN,o{< 2 Y73 "

o5 s ] as
[ A g9 .
+ T':N(@N)AN,D,T + N(@AN)N,D,TJ + Tp(ap) AN’N’T} (D.18)

This is equal to
ap op oS
2 _ (9P @ hitad D.1
br (6p)N,AN,s + (5S>N,AN,/;(3P)N,AN,T (D.19)

which in turn is equivalent to Eq. (80c).
We also consider v, in Eq. (80b); if obtained directly from Eq. (69), this

gives
(@), (), (e
® m | \ON /an,E,v OAN ) n,5v\o(ApfT) ) v,5,v
LTV (@ )
N \oT ) yr.0mr v\OE | n,an,v

2V ( op oT op
- — | == — == D.2
NT (aAN)N,E,V(aA[L/T)N,E,V(aT)ulT,AulT,V] (D.20)
The derivative [&(u/T)/Ap/T)]yev can be evaluated by rewriting it as
ou/T _ (owT OAN (D21)
oAu/T | nev OAN | nev\0AuT [ nev '
making use of the identity in Eq. (44a), and then contracting the right-hand
side of Eq. (D.20),

ou/T OAN
i el = == D.22
(aAM/T)NEV ( oN )Au/T,E.V ( )
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Similarly,
o _ (T GAN
(aAlL/T)NEV - (8AN>NEV(8A:“‘/T)NEV (D.23)
and by making use of Eq. (44c), we obtain
or \ 1, ,(6AN
(aA:u'/T)NEV = 3T ( GE )Au/T,N,V (D.24)

If we substitute Eqgs. (D.22), (D.24), and (D.3) into Eq. (D.20), we obtain

vz = N[(22) (AN _91’)
® 7 p {\ON Jaw.Ev ON ) awr,E,v\OAN [nE,,

Hi{op op 8AN)
21 2L £ e D.2
+ p [(aE)N,AN,p + (3AN>N,E,D(5AE ARIT,N,p (D-25)

The first bracket equals (8p/ON)ayr.5v and the second bracket equals
(Op/CE)y. ,.aur- Next consider

op _ (o + (3_1’ @) _N (_5_1’_)
0p ) awiT B,V 0p ) awit,s, N 0S | anir, w0\ 0p | auir BN e \ON Jaur.z,p

(D.26)

[This expression is obtained by first obtaining (8p/0p)ayr,zy and then ex-
panding this quantity to obtain (0p/0p)ayr,s,5.] The relations

op ap EE)
9P - (& oz D2
(GN)Au/T,E,p (3E)Au/T,p,N(3N AuiT.0.p (D-27)

op as ap 8E)
i = - £ e D.28
(3S)Au/T,N,p( op )Au/T,E,N (3E)Au/T,s,N( 9p | aur.s.v (D-28)

are also useful. We now substitute Eqs. (D.26)~(D.28) into Eq. (D.25):

op 1 (op oE oF
W= (2 - (£ H-N(ZE Y e
v <3P)Au/r,p,w + p (@E)Au/r,zv,p[ (3N suitos P\ @p ) suro.s

(D.29)
If we set V' = Nm/p in Eq. (D.5) and let N and p be variables, we obtain the
result
oE vV o1 OAN
= =% - 4+ 2 Au|l —— D.30
. (aP)Au/T,N,S e + 2 ”( dp )Au/T,N,S ( )

Since Au/T, p, and p are all intensive,

oE
N|—= =FE D.31
(3N)Au/T,p.n (D-31)
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If we substitute Eqs. (D.30) and (D.31) into Eq. (D.29) and use the fact that
at equilibrium Ap = 0, we obtain Eq. (80c).

vZ, can be treated in similar fashion.

Finally, if obtained directly from Eq. (69), «,, in Eq. (81) is

= (sl D

, OAN OE
« {1 - ( oF )N,M/T,V(aAN)N,T,v] (D-32)

where we have used Eq. (D.23) and a similar relation for [0(Ap/T)/0T 1y an.v-
By reverting to the definition of «” in Eq. (67), we get Eq. (81).

Knn

APPENDIX E. FACTORS APPEARING IN EXPRESSIONS FOR
INTENSITIES

By using techniques similar to those used in Appendix D, we have found
expressions for the terms in Eq. (100):

Vi{op op 6p) (8p) ]
2 _ ¥ L Tl — E.1
Vab P [(aAc)E,V-Aa(aBC)T’V'Ab * (3E a8y \OT ] v.4,.5, E1)

VI1{op op
2 = — E-2
T [(&4)(83)] 2

A, is the ith variable {Eq. (35)] and B; the conjugate thermodynamic potential
[Eq. (37)]. The subscripts a, b, and ¢ are over N and AN and ¢ # a. We have

8ar = Kab/K” (E3)
where «” is defined in Eq. (81):

gvnw = Eann = Ewan = 1 (E.4)

tor = (o = (5 Dol s 9

Furthermore,

and

f — Rab + Dabkz
© = R+ Dk

fNN =fNAN =fANN =1 (E7)

(E.6)
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and

B Ds _ (/D)) (7))

R =~ D o(u/T) (Au/T)
a(A,L/T)) ( oT )
+( T ) v\ GG sy ED
The expressions for vZ,5 are

TV|{® 9
Ving = — (8_’1) (8_’2.) ] (E.9)

p L N,Au(T,V N,AuIT,V

TV {p ap
2 IV @
Urane = P _(8 )N,Au/T,v(aT)Au/T,AN,V] (E.10)
o= 22 [(2),(2) ]
ANNE =Ty | \OE / anu,v\OT J au,n,v |

oI B
VAnane = TTf/[(gf_)AN,u.V(g_;)Au.AN,V]

|- Pl @2
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